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The relation between Conformal generators and Magueijo Smolin Deformed Special Relativity
term, added to Lorentz boosts, is achieved. The same is performed for Fock Lorentz transformations.
Through a dimensional reduction procedure, it is demonstrated that a massless relativistic particle
living in a d dimensional space, is isomorphic to one living in a d + 2 space with pure Lorentz
invariance and to a particle living in a AdSd+1 space. To accomplish these identifications, the
Conformal Group is extended and a nonlinear algebra arises. Finally, because the relation between
momenta and velocities is known, the problem of position space dynamics is solved.
PACS numbers: PACS Nos.: 02.20.Hj / 03.30.+p
I. INTRODUCTION
It has been claimed that the special relativity must
be modified, that a Lorentz symmetry breaking could
be observable in the future in high energy cosmic ray
spectra [1, 2], and corrections in the dispersion relation
E2−p2 = m2 has been proposed [3]. Furthermore, quan-
tum gravity models suggest that it could be desirable to
review the Lorentz invariance relations and string theo-
ries consider some modifications to the very structure of
the space time at high energy scales. Some data seem
to invite to introduce a minimal length in physical the-
ories, indeed, there are theories that have some funda-
mental quantities: the Planck longitude lp =
√
~G/c3,
its associated time scale tp = lp/c and the Planck energy
Ep = ~/tp. It is supposed that beyond these thresholds,
the physics should change dramatically. However, these
absolute values of longitude, time or energy are not in
agreement with the Lorentz transformations, this point
reinforces the idea of to modify the Lorentz boosts.
Solutions for the problem of how must be, the Lorentz
boosts, modified has been proposed, a very interesting
one is Doubly (or Deformed), special relativity (DSR)
theories [4–6]. These theories are based on a generaliza-
tion of Lorentz transformations through the more broad
point of view of conformal transformatios, hey have two
observer independent scales, velocity of light and Planck
length.
Usually a modification of Lorentz boosts in momentum
space is performed, however when this is done, retrieving
the position space dynamics can be a highly problem-
atic task due to the loss of linearity. Kimberly, Magueijo
and Medeiros [7], have proposed some methods to achieve
this, using a free field theory, other approaches can be
seen in [8], specially the approach of Deriglazov is very
interesting because he starts from a conformal group, but
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it is different from the one proposed here, because he
start at the position space [9]. So, this is a worth investi-
gating aspect of DSR theories that is not so understood
until today. Other approaches have been done in order
to identify AdS spaces as arenas for DSR theories and
the approach of this paper can add some information in
that way too.
DSR theories are of increasing interest because they
can be useful as a new tool in gravity theories, in Cos-
mology as an alternative to inflation [10, 11], and in other
fields like propagation of light [12], that is related, for in-
stance, to cosmic microwave background radiation.
In this paper it is demonstrated that it is possible,
formally, to obtain Fock-Lorentz [13, 14]and Magueijo-
Smolin deformations, trough a reduction process and us-
ing the conformal group generators as the generators of
the deformed Lorentz algebra. Then, the open problem of
obtaining the space time dynamics is solved through the
relationship on the physical surface between momenta
and velocities on the physical surface that rise up from
the method of dimensional reduction.
More specifically, it is conjectured that the deforma-
tions of the Lorentz algebra in the Fock-Lorentz formula-
tion, can be treated as a transformation made by a linear
combination of conformal group generators and the mo-
mentum case (the Magueijo Smolin case), can be under-
stood as the same process, but the inclusion of a new gen-
erator is needed. This new generator can be constructed
from the same theory, and complete the set of symme-
tries of the massless Klein Gordon Equation. Then, a
DSR massless particle is shown to be isomorphic to a
normal Lorentz particle living in a d + 2 space, and the
deformations are induced by the dimensional reduction.
2II. CONFORMAL SYMMETRY OF MASSLESS
PARTICLE
The infinitesimal transformations
δxµ = ωµνx
ν + αµ + βxµ + 2(xγ)xµ − x2γµ (1)
generate the conformal symmetry, ds2 → ds′2 = e2σds2,
on the d-dimensional Minkowski space R1,d−1 with metric
ds2 = dxµdxνηµν = −dx
2
0 +
d−1∑
i=1
dx2i .
Here the parameters ωµν , α
µ, β and γµ correspond to
the Lorentz rotations, space-time translations, scale and
special conformal transformations. Due to a nonlinear
(quadratic) in xµ nature of the two last terms in (1), the
finite version of the special conformal transformations,
x′µ =
xµ − αµx2
1− 2αx+ α2x2
, (2)
is not defined globally, and to be well defined requires
a compactification of R1,d−1 by including the points at
infinity.
On the classical phase space with canonical Poisson
bracket relations {xµ, pν} = ηµν , {xµ, xν} = {pµ, pν} =
0, the transformations (1) are generated by
Mµν = xµpν − xνpµ,
Pµ = pµ, D = x
µpµ,
Kµ = 2xµ(xp) − x
2pµ. (3)
The generators (3) form the conformal algebra
{Mµν,Mσλ} = ηµσMνλ − ηνσMµλ
+ηµλMσν − ηνλMσµ,
{Mµν , Pλ} = ηµλPν − ηνλPµ,
{Mµν ,Kλ} = ηµλKν − ηνλKµ,
{D,Pµ} = Pµ,
{D,Kµ} = −Kµ,
{Kµ, Pν} = 2(ηµνD +Mµν),
{D,Mµν} = {Pµ, Pν} = 0,
{Kµ,Kν} = 0 (4)
The algebra (4) is isomorphic to the algebra so(2, d), and
by defining
Jµν =Mµν , Jµd =
1
2
(Pµ +Kµ),
Jµ(d+1) =
1
2
(Pµ −Kµ), Jd(d+1) = D, (5)
can be put in the standard form
{JAB, JLN} = ηALJBN − ηBLJAN
+ηANJLB − ηBNJLA (6)
with A,B = 0, 1, d, d+ 1, and
ηAB = diag(−1,+1, . . . ,+1,−1). (7)
The phase space constraint ϕm ≡ p
2 + m2 = 0
describing the free relativistic particle of mass m in
R
1,d−1 is invariant under the Poincare´ transformations,
{Mµν , ϕm} = {Pµ, ϕm} = 0. Unlike the Pµ andMµν , the
generators of the scale and special conformal transforma-
tions commute weakly with ϕm only in the massless case
m = 0: {D,ϕ0} = 2ϕ0 = 0, {Kµ, ϕ0} = 4xµϕ0 = 0.
III. DIMENSIONAL REDUCTION
It was demonstrated in Leiva and Plyushchay [15], that
a dimensional reduction process from a massless particle
living in (d+2) dimensional space R2,d, with coordinates
HA and metric (7), and introducing canonical momenta
ΠA, ({HA,ΠB} = ηAB) can transform the so(2, d) gen-
erators
JAB = HAΠB −HBΠA., (8)
into the conformal generators in (d)-dimensional space
R
1,d−1. In order to achieve this, three constrains are
added to the theory:
φ0 ≡ ΠAΠ
A = 0, (9)
φ1 ≡ H
AHA = 0, φ2 ≡ H
AΠA = 0. (10)
The process is implemented trough suitable canoni-
cal transformations and then a dimensional reduction is
performed onto the surface defined by φ1 and φ2. So
in terms of new R2,d canonical variables H˜µ, Π˜µ with
{H˜µ, Π˜µ} = 1 as defined in [15], the so(2, d) generators
are the following:
Jµν = H˜µΠ˜ν − H˜νΠ˜µ,
Jµ+ = Π˜µ,
Jd(d+1) = H˜µΠ˜
µ + 2
Π˜+
H˜−
φ1 − φ2,
Jµ− = 2(H˜νΠ˜
ν)H˜µ − (Π˜νH˜
ν)Π˜µ
+
1
H˜−2
(Π˜µ + 4Π˜+H˜
−H˜µ)φ1 − 2H˜µφ2.
To execute this process it is supposed that H˜− 6= 0.
The constraints now, look like:
Π˜µΠ˜
µ = 0, (11)
H˜+ = 0, Π˜− = 0. (12)
The variables Π˜µ and H˜µ are observable (gauge invari-
ant) variables with respect to the constraints (11) and
3(12), whereas H˜− = H− and Π˜+ = Π+ are not. They
can be removed by introducing the constraints
φ3 ≡ H
− + 1 = 0, φ4 ≡ Π+ = 0 (13)
as gauge fixings of (12) and the reduction to the phys-
ical surface achieves the conformal generators in R1,d−1
as projections of the so(2, d) generators. Now, with the
identification xµ = H˜µ and pµ = Π˜µ and (11), the origi-
nal massless relativistic particle is totally retrieved.
IV. EXTENDED NON-LINEAR CONFORMAL
ALGEBRA
It is possible, trough the procedure described in the
last section, and because positions and momenta are at
same level in the hamiltonian formulation, to introduce
a new generator K˜µ:
K˜µ = 2pµ(xp)− p
2xµ (14)
To do this, we can perform a canonical transformation
in (11), H˜A → −Π˘A and Π˜A → H˘A and now to identify
xµ = H˘µ and pµ = Π˘µ . Doing this, Jµ− is projected
as K˜, and Jµ+ is projected as x
µ, but the particle has
now the constrain x2 = 0. The nature of this generator
is totally new because it produces conformal transforma-
tions on the momentum space and the finite version of
this transformations is :
p′µ = −
pµ − αµp2
1− 2αp+ α2p2
, (15)
This is is a symmetry of the massless Klein-Gordon
equation too, in fact: {K˜, P 2} = 2P 2Pµ = 0. So, after
the inclusion of K˜, aside the relations (4) we have:
{Mµν, K˜λ} = ηµλK˜ν − ηνλK˜µ,
{D, K˜µ} = K˜µ,
{K˜µ, Pν} = 2PµPν − P
2ηµν ,
{K˜µ, K˜ν} = 0,
{K˜µ,Kν} = 4(Mµν −Dηµν)D − 2PµKν
+
2(2DPµ − K˜µ)(2DPν − K˜ν)
K˜P
(16)
Due to the last bracket, the set of generators form a
non linear algebra.
We can then, to have two separate set of symme-
tries. Each set form a dynamic SO(2, 1) symmetry of
the Klein Gordon equation,: one that includes Kµ, gen-
erating special conformal transformations in the position
space. And the other that includes K˜µ, generating spe-
cial conformal transformations in the momentum space.
The existence of K˜µ could produce some consequences
in the symmetry group of non relativistic particles since
there is a canonical relation between a non relativistic
particle in R1 and the relativistic one in R1,1 [15]. This
can be of some interest because Fluid Mechanics sym-
metries are intimately related to the free non relativistic
particle symmetry [16].
Each group of SO(2, 1) symmetries can be used to con-
struct the DSR transformations in position or momentum
space. In the two next sections, both cases shall be re-
viewed
V. FOCK-LORENTZ TRANSFORMATIONS
The Fock-Lorentz transformation [13] [14], are intro-
duced as general linear-fractional transformations be-
tween spatial and temporal coordinates and the result
is leaded by symmetry arguments to the final form:
t′ =
γ(u)(t− ur/c2)
1− (γ(u)− 1)ct/R+ γ(u)ur/Rc
, (17)
r‖ =
γ(u)(r‖ − ut)
1− (γ(u)− 1)ct/R+ γ(u)ur/Rc
, (18)
r⊥ =
r⊥
1− (γ(u)− 1)ct/R+ γ(u)ur/Rc
, (19)
(20)
where r‖ is the component of the position vector parallel
to the boost u and r⊥ is the perpendicular one. Where
γ is the Lorentz factor
√
1− u2/c2 and R is a constant
with the dimension of length.
These transformations can be seen as Lorentz trans-
formations for the quantities:
t˜ =
t
1 + ct/R
, r˜ =
r
1 + ct/R
(21)
They can be treated as results of a infinitesimal trans-
formations:
δxµ = αν{xµ, 2xν(xp)} (22)
where x0 = ct.
In order to obtain this generator, it can be represented
as the projection of
(Jµ− + Jµ+Jd(d+1)), (23)
in Rd+2 space, wich is a nonlinear combination of the
isometries there. However 2xν(xp) is not a symmetry
of the Klein-Gordon equation because {2xν(xp), ϕ0} =
4pµ(xp) + 4xµϕ0 6= 0. So, it is not possible to include it
into the generators set of the massless relativistic particle
symmetries.
4An alternative, and linear solution is to see (21) as
(2) reduced to the surface x2 = 0 and with the choice
α = (−1/2R, 0, 0, 0) and identifying x0 with ct. In this
sense, the Fock Lorentz transformations can be seen as a
linear combination of conformal generators
M0µ +Kµ,
that is a projection of
(Jµν + Jµ−)
(which is linear too), for a particle living on the cone
(light cone) x21 + x
2
2 + x
2
3 = x
2
0.
Then we can construct the Fock-Lorentz transforma-
tions for a particle living on the light cone through the
projection of the action of a linear combination of con-
formal generators.
Then, Fock Lorentz appear to be deformations of the
usual Lorentz isometries induced by a projection of the
system on the physical surface.
VI. THE MAGUEIJO SMOLIN DSR
MOMENTUM TRANSFORMATION
On the other hand, the Lorentz boost proposed in
Magueijo and Smolin [4]
Ki = L0i + lpp
ipµ
∂
∂pµ
(24)
where lp is the Planck length, can be exponentiated as
Ki = U−1(p0)L0iU(p0) (25)
where U(p0) = exp(lpp0pµ
∂
∂pµ
), and the action of U(p0)
over pµ is
U(p0)pµ =
pµ
1− lpp0
(26)
The generator added to the Lorentz boost in (29) is
the operational representation of pi(xp) and it can be as
K˜µ, that produces the following transformation :
p′µ = −
pµ − αµp2
1− 2αp+ α2p2
, (27)
to achieve the identification with (31), the transformation
parameter must be αµ = (−lp/2, 0, 0, 0) and the global
minus sign must be removed.
It is possible then, to prescribe how to obtain the posi-
tion and momenta transformation using conformal gener-
ators with some K˜ added. Where does this new generator
come from? Some clues will be seen in the next section.
Starting with the ordinary Lorentz generators:
Lab = pa
∂
∂pb
− pb
∂
∂pa
(28)
The modified Lorentz boost proposed in Magueijo and
Smolin [4] is:
Ki = L0i + lppipµ
∂
∂pµ
, (29)
where the second term is the deformation proposed and
lp is the Planck length. It can be exponentiated as:
Ki = U−1(p0)L0iU(p0) (30)
where U(p0) = exp(lpp0pµ
∂
∂pµ
), and the action of U(p0)
over pµ is
U(p0)pµ =
pµ
1− lpp0
(31)
Following the Magueijo Smolin procedure, it can be
seen that boosts in the z direction (as an example), are :
p′0 =
γ(p0 − vpz)
1 + lp(γ − 1)p0 − lpγvpz
p′z =
γ(pz − vp0)
1 + lp(γ − 1)p0 − lpγvpz
p′x =
px)
1 + lp(γ − 1)p0 − lpγvpz
p′y =
py)
1 + lp(γ − 1)p0 − lpγvpz
. (32)
This transformations are identical to those obtained
by Fock [13, 14], but applied to momentum space. They
can be retrieved replacing p by x and p0 by t, instead.
The Fock like transformations can also be obtained
as usual Lorentz transformations for the transformed p′
from eq 31 [13, 14], so we need lead just with the extra
term of the deformed boosts.
The transformation (31) can be yielded as result of
the action of an K˜µ = 2pµ(xp) − p
2xµ generator, that
produces:
p′µ = −
pµ − αµp2
1− 2αp+ α2p2
. (33)
So, the Magueijo Smolin transformation can be seen
as a combination of
−M0µ + K˜µ,
that is a projection of
(Jµν + Jµ−)
5as projected from the Rd+2 to the particle living on the
light cone, x21 + x
2
2 + x
2
3 = x
2
0, this is the same condition
we had before, and it is a condition for a truly massless
relativistic particle.
Then we can construct the Magueijo Smolin transfor-
mations for a particle living on the light cone through the
projection of the action of a linear combination of confor-
mal generators. But we must consider a massless particle,
then we can achieve the identification with (31), in or-
der to do that it is necessary to transform the constrain
ψ1 = p
2 ≈ 0 in an exact identity, the transformation pa-
rameter must be αµ = (lp/2, 0, 0, 0) and the global minus
sign must be removed.
VII. THE PROJECTION ONTO THE
PHYSICAL SURFACE.
The fundamental problem with the momentum space
formulation is to retrieve the position space. This is a
task that has called the attention of many researches [7–
9]. The advantage of the point of view in the way that is
managed here, is that the task is replaced by the known
problem of relating momenta and velocities when a di-
mensional reduction is performed. Just as an example,
let’s recall the process to project a free massless relativis-
tic particle onto the physical surface. This particle has
the Lagrangian:
L =
x˙2
2e
(34)
the constrain that rules the dynamic of the particle are:
ϕe = pe ≈ 0 (35)
ϕ1 =
1
2
(p2) ≈ 0 (36)
The condition over the conjugated momentum of e, pe =
0 shows that e is a non dynamic variable and we will not
take care of it in the following.
Due the constrain ϕ1, the relation between momenta
in phase space and velocities in the configuration space is
not so clear as it would be desirable, because all momenta
yielding Eq. (36) should be identified. This ambiguity
can be seen as produced by the fact that the system is
constrained to a subspace in the phase space, this sub-
space is usually named as the physical surface.
In order to obtain a truly relationship between mo-
menta and velocities a reduction of the system to this
physical surface must be performed, this can be done by
the following process:
First, we can introduce a gauge fixing to the constrain
Eq. (36), a suitable one is:
ϕ2 = x
0 − τ ≈ 0 (37)
Now, it is necessary to reformulate the parenthesis def-
inition abandoning the Poisson definition and using the
Dirac Parenthesis instead. It is defined by the relation:
{A,B}D = {A,B}P − {A,ϕi}PC
−1
ij {ϕj , B}P , (38)
where {}P indicates Poisson bracket and {}D Dirac
bracket. The matrix C is defined by:
Cij = {ϕi, ϕj}P (39)
in this case:
Ci,j = p0
(
0 −1
1 0
)
, (40)
with
C−1i,j =
1
p0
(
0 1
−1 0
)
, (41)
So, the Dirac brackets are:
{x0, p0}D = 0 (42)
{x0, pi}D =
pi
p0
(43)
{xi, pj}D = δ
ij (44)
Now, in order to retrieve the Hamiltonian relations, we
define the independent variables:
ua = (xi, pi) (45)
and introduce the following parameterization:
zs(u, τ) = (x0 = τ, xi, p0 = +
√
p2i , p
i) (46)
It is, now, necessary to redefine our Hamiltonian, this
can be performed setting:
H = H + F
where H is the former canonical Hamiltonian and F is
a correction due to the projection of the system to the
physical surface, F yields the following equation:
∂F
∂um
= −
∂zs
∂um
Wst
∂zt
∂τ
(47)
where Wst is defined by:
Wst = {x
µ, pν}
6Wst =
(
0 −δµν
δµν 0
)
, (48)
after proper calculations we have
F =
√
~p2 (49)
H = 0 (50)
H =
√
~p2 (51)
and the velocity induced on the physical surface is:
x˙i(τ) = {xi,H}D =
pi√
~p2
(52)
Just now, we are sure what the relation between ve-
locities and momenta is, on the physical surface and we
can perform the transformation (33):
p¯i =
pi
1− 2lp
√
p2i
(53)
and, identifying
√
p2i with the energy E, the velocity
expression yields:
x˙i =
pi
E
˙¯xi =
pi
E − 2lpE2
(54)
Now, in order to obtain the complete Magueijo Smolin
velocity we just need to perform an usual Lorentz boost,
for example in z direction:
vx =
(1− u2)Px
(E − 2lpE2 − uPz)
vy =
(1− u2)Py
(E − 2lpE2 − uPz)
vx =
Pz − u(E − 2lpE
2)
(E − 2lpE2 − uPz)
(55)
VIII. DSR AND ADS SPACES
The (d+2)-dimensional system (9), (10) can be reinter-
preted as a massless particle living on the border of the
AdSd+1 of infinite radius, whose isometry corresponds to
the conformal symmetry of the massless particle in d di-
mensions. This can be done in the following way. The
massless particle on AdSd+1 of radius R can be described
by the constraints
φ0 = PAP
A = 0, φ1 = XAX
A +R2 = 0, (56)
where XA and PA are the canonical variables. The
Poisson brackets of the constraints (56) are {φ1, φ0} =
4XAPA. To have the reparametrization-invariant sys-
tem, the φ0 has to be the first class constraint. This can
be achieved by postulating the constraint
φ2 = X
APA = 0 (57)
in addition to the constraints (56). The constraint (57)
generates the local scale transformations which due to
the relation {φ2, φ0} = 2φ0 are consistent with the
reparametrization invariance generated by the constraint
φ0. Since {φ2, φ1} = −φ1 + R
2 6= 0, the constraint
φ1 = 0 can be understood as a gauge condition for the
constraint (57). Now, let us realize a canonical transfor-
mation (XA,PA)→ (X
A, PA),
XA =
XA
R1+ε
, PA = PAR
1+ε, (58)
with a constant ε > 0, and take a limit R→∞, XA →∞,
PA → 0 in such a way that the variables (58) would be
finite. Then, the constraints (56), (57) take the form of
the first class constraints (9), (10), and we reproduce the
system on the cone. Because of the change of the nature
of the constraints from the second to the first class, the
described limit procedure has a rather formal character,
however a relationship between DSR transformations and
the symmetries of a AdSd+1 of infinite radius can be ob-
served, because the DSR particle in d is isomorphic to
one moving in AdSd+1 with Lorentz invariance.
IX. DISCUSSION AND OUTLOOK
To conclude, let us summarize the obtained results and
discuss shortly some problems that deserve a further at-
tention.
In section 2, the Conformal Group of the massless rel-
ativistic particle was reviewed and in section 3, it was
obtained as a dimensional reduction from a Rd+2 space.
In section 4, Because of the interchangeability of mo-
menta and positions in the Hamiltonian formulation, a
new generator was added. With this generator, the Con-
formal Group can be extended and a non linear alge-
bra rose. In section 4, starting with the formulation of
Magueijo Smolin deformed boosts, they are realized as
a version of the special conformal generator after a di-
mensional reduction onto the mass shell of a massless
relativistic particle and then, with the Hamiltonian rela-
tions retrieved on that physical surface, the velocity can
be achieved from the transformed momenta.
Among the problems that deserve more attention is
the problem of how to include the mass term, that is
still in darkness. On the other hand, due the relation
of DSR theories with AdS spaces concluded here and in
the bibliography, it could be interesting to research about
its relation with the AdS/CFT correspondence. Finally
to extend the studies to fields formulation could be a
interesting task too.
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